Abstract. Let R be a commutative Noetherian local ring. Assume that R has a pair {x, y} of exact zerodivisors such that dim R/(x, y) ≥ 2 and all totally reflexive R/(x)-modules are free. We show that the first and second Brauer-Thrall type theorems hold for the category of totally reflexive R-modules. More precisely, we prove that, for infinitely many integers n, there exists an indecomposable totally reflexive R-module of multiplicity n. Moreover, if the residue field of R is infinite, we prove that there exist infinitely many isomorphism classes of indecomposable totally reflexive R-modules of multiplicity n.
Introduction
In the 1940s, Brauer [8] and Thrall [20] presented a couple of conjectures, which were later recorded by Jans [16] , known as the first and second Brauer-Thrall conjectures: Conjecture 1.1 (Brauer-Thrall) . Let A be a finite-dimensional algebra over a field k. Suppose that there are infinitely many isomorphism classes of finitely generated indecomposable A-modules. Then the following statements hold: (1) For infinitely many integers n, there exists an indecomposable A-module of length n. (2) Assume k is infinite. Then, for infinitely many integers n, there exist infinitely many isomorphism classes of indecomposable A-modules of length n.
The Brauer-Thrall conjectures became one of the main problems in representation theory of algebras. The first Brauer-Thrall conjecture, Conjecture 1.1 (1) , was proved by Roȋter [17] in 1968. Bautista [6] and Bongartz [7] proved the second conjecture, Conjecture 1.1 (2) , in 1985, under the extra hypothesis that k is algebraically closed. In the 1960s, Auslander [2] introduced the notion of a totally reflexive module as a module of G-dimension zero. This notion was studied in detail from various points of view and substantial progress was made in the study of totally reflexive modules. In particular, Christensen, Piepmeyer, Striuli and the third author [13] proved that if a commutative Noetherian non-Gorenstein local ring R has a nonfree totally reflexive module, then there exist infinitely many isomorphism classes of indecomposable totally reflexive R-modules. It has gradually turned out that totally reflexive modules and homological dimensions associated to them, such as G-dimension, should make a Gorenstein analogue of the classical homological algebra, which is so-called Gorenstein homological algebra [10, 11] .
It is quite natural to ask whether there are analogues of the Brauer-Thrall conjectures for totally reflexive modules or not. Motivated by such a question, Christensen, Jorgensen, Rahmati, Striuli and Wiegand [12] proved the following result. Theorem 1.2 (Christensen-Jorgensen-Rahmati-Striuli-Wiegand). Let (R, m, k) be an Artinian commutative local ring with m 3 = 0 having embedding dimension e ≥ 3. Suppose that R admits a pair {x, y} of exact zerodivisors.
(1) There exists a family {M n } n∈N of nonisomorphic indecomposable totally reflexive Rmodules of length ne. Moreover the minimal free resolution of each M n is periodic of period at most 2. (2) Assume k is algebraically closed. There exists, for each n ∈ N, a family {M λ n } λ∈k of nonisomorphic indecomposable totally reflexive R-modules of length ne. Moreover the minimal free resolution of each M λ n is periodic of period at most 2. Here a pair {x, y} of exact zerodivisors is by definition a pair of elements in m that satisfy (0 : x) = (y) and (0 : y) = (x).
The purpose of this paper is to prove a higher-dimensional counterpart of Theorem 1.2. The main result of this paper is the following:
Main Theorem. Let (R, m, k) be a Noetherian commutative local ring and let {x, y} be a pair of exact zerodivisors of R. Assume that R/(x, y) has Krull dimension at least 2 and that every totally reflexive R/(x)-module is free. Let s and t be the multiplicities of the local rings R/(x) and R/(y), respectively.
(1) For every integer r ≥ 0, there exists an exact sequence of R-modules
where M is indecomposable. In particular, for each r ≥ 0, there exists an indecomposable totally reflexive R-module of multiplicity rs + t whose minimal free resolution is periodic of period at most 2. (2) For every integer r ≥ 1 and for every element a ∈ R, there exists an exact sequence of R-modules
In particular, if k is infinite, then for each r ≥ 1, there are infinitely many isomorphism classes of indecomposable totally reflexive R-modules of multiplicity rs + t whose minimal free resolutions are periodic of period at most 2.
The assertion of Main Theorem is independent of that of Theorem 1.2, though there are several similarities. In particular, for Theorem 1.2, every nonfree totally reflexive R/(x)-module is free, and the multiplicities of R/(x) and R/(y) are equal to e [12, (4.2) ] so that the number ne in Theorem 1.2 essentially equals to the number rs + t in our Main Theorem. On the other hand, it should be remarkable that both Theorem 1.2(2) and the theorem of Bautista and Bongartz, discussed above, assume the field k is algebraically closed, while the second statement of our Main Theorem does not require this assumption. The hypotheses of Theorem 1.2 force the ring considered to be non-Gorenstein, but Main Theorem can be applied to Gorenstein rings. Moreover, each required indecomposable module in our Main Theorem is obtained as a structurally simple module; it is given by only one extension of (R/(x)) r and R/(y). We should also note a relevant result of Holm [15, Theorem in Introduction] . He proves that if {x, y} is an orthogonal (that is, (x) ∩ (y) = 0) pair of exact zerodivisors in a commutative Noetherian local ring R, and a ∈ R is an element which is regular on R/(x, y), then there exists an infinite family G a , G a 2 , G a 3 , . . . , H a , H a 2 , H a 3 , . . . of pairwise nonisomorphic indecomposable totally reflexive R-modules whose minimal free resolutions are periodic of period 2. One can see that the multiplicities of those modules are all equal to a fixed number, the sum of the multiplicities of R/(x) and R/(y). Thus Holm's theorem does not say anything about Brauer-Thrall for totally reflexive modules.
Examples of rings satisfying the hypotheses of our Main Theorem are abundant. Furthermore the conclusion of Main Theorem does not necessarily hold in case R/(x, y) has Krull dimension less than 2; we discuss this and provide several examples in Section 4.
Preliminary Results
Throughout the rest of this paper (R, m, k) denotes a commutative Noetherian local ring. This section is devoted to stating some fundamental definitions and properties which we will freely use in the subsequent sections. We start by recalling the definition of an exact zerodivisor, that was introduced in [14] .
Definition 2.1. An element x ∈ m is called an exact zerodivisor of R if there exists an element y ∈ m such that (0 : x) = (y) and (0 : y) = (x). Then y is also an exact zerodivisor of R, and we say that {x, y} is a pair of exact zerodivisors of R.
For elements x, y ∈ m, the condition that {x, y} is a pair of exact zerodivisors of R is equivalent to the condition that the sequence · · ·
Here are some examples of pairs of exact zerodivisors. Note that the first two rings are Gorenstein, while the last two are not.
Then {x, y} and {z, z} are pairs of exact zerodivisors of R.
Next we recall the definition of a totally reflexive module. Definition 2.3. A finitely generated R-module M is called totally reflexive if the natural homomorphism M → M * * is an isomorphism and Ext
We record some of the basic facts on totally reflexive modules.
Remark 2.4.
(1) All finitely generated free R-modules are totally reflexive.
(2) R is Cohen-Macaulay if and only if all totally reflexive R-modules are maximal CohenMacaulay. (3) R is Gorenstein if and only if the totally reflexive R-modules are precisely the maximal Cohen-Macaulay R-modules. (4) The totally reflexive R-modules form a resolving subcategory in the category of finitely generated R-modules [3, (3.11) ]. Hence, total reflexivity is preserved under taking direct summands, extensions and syzygies. (5) Let x be an exact zerodivisor of R. Then the R-module R/(x) is totally reflexive.
Following [19] , we introduce the definition below. Definition 2.5. R is called G-regular if all totally reflexive R-modules are free.
We note some properties of G-regular local rings, see [19] for more details. 
Brauer-Thrall type theorems
In this section we prove our Main Theorem that was recorded in the introduction; first we investigate the structure of certain short exact sequences.
Proposition 3.1. Let x ∈ m and let I be a proper ideal of R. Assume R/I is a totally reflexive R-module, x is an exact zerodivisor and R/(x) is a G-regular local ring. Then every exact sequence 0 → (R/(x)) n → M → R/I → 0 with n ≥ 0, as an R-complex, has a direct summand isomorphic to an exact sequence 0 → (R/(x)) t → N → R/I → 0 for some t with 0 ≤ t ≤ n such that N is indecomposable. In particular, M ∼ = (R/(x)) n−t ⊕N.
Proof. There is nothing to prove if M is indecomposable, so let us assume M ∼ = X ⊕ Y for some nonzero R-modules X, Y . Then n ≥ 1 (since R/I is indecomposable as an R-module) and we have an exact sequence 0
Notice Y is totally reflexive as an R-module. There are elements v ∈ X and w ∈ Y with f (v) + g(w) = 1 in R/I. As R/I is a local ring, either f (v) or g(w) is a unit of R/I. Hence either f or g is surjective. We may assume that f is so, and we put Z = Ker f . Then the following commutative diagram with exact rows and columns is obtained:
The left column implies that Y is an R/(x)-module. By [18, Corollary] , Y is also totally reflexive as an R/(x)-module. As R/(x) is G-regular, we have Y ∼ = (R/(x)) r for some 0 < r ≤ n, and hence the left column splits. Thus there is an isomorphism β ∼ = α ⊕ γ of R-complexes, and we have an exact sequence 0 → (R/(x)) n−r → X → R/I → 0, where
n−r . Iterating this procedure, we deduce the required conclusion.
For elements x, y, a 1 , . . . , a n ∈ R we define an (n + 1) × (n + 1) matrix
When n = 0, we regard T (x, y, a 1 , . . . , a n ) as the 1 × 1 matrix (y). To prove our main results, we prepare two lemmas. The first one is straightforward. The second one follows from the first one together with the horseshoe and snake lemmas.
Lemma 3.2. Suppose that there is a commutative diagram
of R-modules. Let δ : Ker g → Coker f be the map induced by the snake lemma. Then δ = 0 if and only if h(Ker g) ⊆ Im f .
Lemma 3.3. Let x, y ∈ R and n ≥ 0. The following are equivalent for an R-module M.
(1) There is an exact sequence 0
(2) There is an exact sequence R n+1 T (x,y,a 1 ,...,an)
− −−−−−−−→ R n+1 → M → 0 of R-modules with a 1 , . . . , a n ∈ ((x) : (0 : y)).
For a finitely generated R-module M, we denote by ν R (M) its minimal number of generators. We introduce the following invariant for a pair of elements. Definition 3.4. Given x, y ∈ m, we define the number s(x, y) to be the supremum of the nonnegative integers n such that there exists an ideal I of R with ν R/(x,y) (I(R/(x, y))) = n. Note by definition that 0 ≤ s(x, y) ≤ ∞.
The number s(x, y) is related to the decomposability of a module appearing in the middle of a short exact sequence as in our Main Theorem. We study this property in the following two results, the latter of which is our first main theorem. Proposition 3.5. Let x, y ∈ m be elements. For any integer n > s(x, y) and any exact sequence 0 → (R/(x)) n → M → R/(y) → 0 of R-modules, M has a direct summand isomorphic to R/(x). In particular, M is decomposable.
Proof. Lemma 3.3 gives an exact sequence R n+1 T (x,y,a 1 ,...,an) −−−−−−−−→ R n+1 → M → 0. As n > s(x, y), we must have ν R/(x,y) (a 1 , . . . , a n ) < n. We may assume that there are b 2 , . . . , b n ∈ R such that a 1 = b 2 a 2 + · · · + b n a n in R/(x, y). We have a 1 = cx + dy + b 2 a 2 + · · · + b n a n for some c, d ∈ R, and get equivalences of matrices:
Letting N be the cokernel of the R-linear map defined by the n × n matrix T (x, y, a 2 , . . . , a n ), we observe M ∼ = R/(x) ⊕ N.
We can now prove the first main result of this paper:
Theorem 3.6. Let {x, y} be a pair of exact zerodivisors of R. Assume that the local ring R/(x) is G-regular. Then for any integer 0 ≤ n ≤ s(x, y) there exists an exact sequence
Proof. The assertion is trivial when n = 0, so let n > 0. As n ≤ s(x, y), we have ν R/(x,y) (a 1 , . . . , a n ) = n for some a 1 , . . . , a n ∈ R. Let M be the cokernel of the R-linear map defined by T (x, y, a 1 , . . . , a n ). Note that ((x) : (0 : y)) = ((x) : (x)) = R. By Lemma 3.3 we have an exact sequence
Suppose that the R-module M is decomposable. Then it follows from Proposition 3.1 that there is an exact sequence 0 → (R/(x)) n−1 → N → R/(y) → 0 of R-modules which is isomorphic to a direct summand of (3.6.1) as an R-complex. Lemma 3.3 shows that there is an exact sequence R n T (x,y,b 1 ,...,b n−1 )
it is seen that M has two presentation matrices T (x, y, a 1 , . . . , a n ) and T (x, y, 0, b 1 , . . . , b n−1 ), both of which are (n + 1) × (n + 1) matrices. Considering the nth Fitting invariant of M [9, Page 21], we have an equality (x, y, a 1 , . . . , a n ) = (x, y, b 1 , . . . , b n−1 ) of ideals of R. Taking the image in R/(x, y), we see that ν R/(x,y) (a 1 , . . . , a n ) ≤ n − 1. This contradiction implies that M is indecomposable.
The following elementary lemma will be used in the proof of Theorem 3.8.
Lemma 3.7. Let n be a positive integer. Let x 1 , . . . , x n , y ∈ m be elements such that ν R (x 1 , x 2 , . . . , x n , y) = n + 1. Let p, q ∈ R be elements satisfying the equality (x 1 + py, x 2 , . . . , x n ) = (x 1 + qy, x 2 , . . . , x n ) of ideals. Then one has p = q in k = R/m.
Proof. Considering the image in R/(x 2 , . . . , x n ), we may assume n = 1. Then the equality (x 1 + py) = (x 1 + qy) holds, and we have x 1 + py = u(x 1 + qy) for some u ∈ R. Hence (1 − u)x 1 + (p − uq)y = 0, which implies that 1 − u and p − uq are in m, as ν R (x 1 , y) = 2. Thus p − q = (p − uq) − (1 − u)q ∈ m, and we conclude that p = q in R/m.
Next is the second main result of this paper: Theorem 3.8. Let {x, y} be a pair of exact zerodivisors such that the local ring R/(x) is G-regular. Then for any integer 0 < n < s(x, y) there exists a family
of exact sequences of R-modules such that each M r is indecomposable and that if p, q ∈ R satisfies M p ∼ = M q , then p = q in k.
Proof. There are elements a 1 , . . . , a n , b ∈ R such that ν R/(x,y) (a 1 , . . . , a n , b) = n + 1. For each element r ∈ R, let M r be the cokernel of the R-linear map defined by the matrix T (x, y, a 1 + rb, a 2 , . . . , a n ). Note that ν R/(x,y) (a 1 + rb, a 2 , . . . , a n ) = n. The proof of Theorem 3.6 implies that M r is an indecomposable R-module admitting an exact sequence of R-modules of the form 0 → (R/(x)) n → M r → R/(y) → 0. Let p, q ∈ R be elements with M p ∼ = M q . Then, taking the nth Fitting invariants of M p and M q , we see that (x, y, a 1 + pb, a 2 , . . . , a n ) = (x, y, a 1 + qb, a 2 , . . . , a n ). This induces an equality (a 1 + pb, a 2 , . . . , a n ) = (a 1 + qb, a 2 , . . . , a n ) of ideals of R/(x, y). Now Lemma 3.7 shows that p = q in k.
We denote the analytic spread of a proper ideal I of R by λ(I). This equals, by definition, to the dimension of the fiber cone F(I) = n≥0 I n /mI n . For all n ≥ 0, the Hilbert function H(F(I), n) equals to ν R (I n ) so that the numerical function ν R (I n ) is of polynomial type of degree λ(I) − 1; see [9, (4.1.3) ]. This observation and our theorems yield the following result:
Corollary 3.9. Let {x, y} be a pair of exact zerodivisors of R such that R/(x) is Gregular. Assume that there exists a proper ideal I of R with ht(I(R/(x, y)) ≥ 2.
(1) For every integer r ≥ 0, there exists an exact sequence of R-modules 0 → (R/(x)) r → M → R/(y) → 0, where M is indecomposable.
(2) For every integer r ≥ 1, there exists a family of exact sequences of R-
Proof. It suffices to see, by Theorems 3.6 and 3.8, that s(x, y) = ∞. As the analytic spread of an ideal is more than or equal to its height [9, (4.6.13) ], the numerical function ν R/(x,y) (I n (R/(x, y))) is of polynomial type of positive degree. Therefore lim n→∞ ν R/(x,y) (I n (R/(x, y))) = ∞ and hence s(x, y) = ∞.
We are now able to prove our main theorem that is stated in the introduction:
Proof of Main Theorem. We have, by assumption, that ht(m(R/(x, y))) ≥ 2. Hence the first assertions in (1) and (2) follow from Corollary 3.9 by letting I = m.
3)]; hence the multiplicities of R/(x) and R/(y), as local rings, equal to those as R-modules. This shows that the multiplicities of the R-modules M and M a are rs + t. As the minimal free resolutions of (R/(x)) r and R/(y) are periodic of period at most 2, so are those of M and M a . This justifies the second assertions in (1) and (2).
Several consequences of the main theorem
In this section we provide several consequences of our results. We start with giving a sufficient condition for a local ring to satisfy the hypotheses of our Main Theorem. Proposition 4.1. Let (S, n) be a local ring, x, y ∈ n and let R = S/(xy). Assume S is G-regular, x and y are nonzerodivisors of S, x / ∈ n 2 and dim S/(x, y) ≥ 2. Then {x, y} is a pair of exact zerodivisors of R, dim R/(x, y) ≥ 2 and R/(x) is G-regular.
Proof. The only nonobvious assertion is that R/(x) = S/(x) is G-regular. This follows from [19, (4.6) ].
Recall that regular rings are G-regular. Hence the following consequence of Main Theorem follows from Proposition 4.1.
Corollary 4.2. Let (S, n, k) be a local ring, 0 = y ∈ n, x ∈ n \ n 2 and let R = S/(xy). Assume S is regular and that dim S/(x, y) ≥ 2. Then, for each r ≥ 1, there exist indecomposable totally reflexive R-modules of multiplicity r. If r ≥ 2 and |k| = ∞, then there are infinitely many isomorphism classes of such modules. We now apply Proposition 4.1 to Cohen-Macaulay non-Gorenstein local rings with minimal multiplicity and obtain another useful consequence of our Main Theorem: Corollary 4.4. Let (S, n, k) be a Cohen-Macaulay non-Gorenstein local ring with minimal multiplicity e. Let x, y ∈ n be nonzerodivisors of S with x / ∈ n 2 and dim S/(x, y) ≥ 2. Then R := S/(xy) is a Cohen-Macaulay non-Gorenstein local ring. For each r ≥ 1, there exist indecomposable totally reflexive R-modules of multiplicity re. If r ≥ 2 and |k| = ∞, then there are infinitely many isomorphism classes of such modules. Then note that R is a non-Gorenstein Cohen-Macaulay local ring. Corollary 4.4 implies that, for each r ≥ 1, there exist indecomposable totally reflexive R-modules of multiplicity r(n + 1), and infinitely many such modules if r ≥ 2 and |k| = ∞.
